Abstract: We discuss nonperturbative radiation for a recently introduced class of infrared safe event shape weights, which describe the narrow-jet limit. Starting from next-to-leading logarithmic (NLL) resummation, we derive an approximate scaling rule that relates the nonperturbative shape functions for these weights to the shape function for the thrust. We argue that the scaling reflects the boost invariance implicit in NLL resummation, and discuss its limitations. In the absence of data analysis for the new event shapes, we compare these predictions to the output of the event generator PYTHIA.
Introduction
The hadronic final states of hard-scattering reactions encode information about the full range of QCD dynamics, from the short-distance production of quarks and gluons reflected in jet production, to the long-time process of hadronization reflected in the exclusive distributions of particles in the final state. Event shapes [1, 2, 3, 4] , which generalize jet cross sections, are functions of final-state momenta that measure the flow of energy [5] . We refer to these functions as 'weights' below. Event shape weights are tools with which we may analyze the long distance behavior of QCD through jet events. Qualitatively, we expect that cross sections for states with narrow, lowmass jets are sensitive to long-distance dynamics, while more inclusive cross sections, dominated by higher-mass jets, are predicted more accurately by perturbation theory.
By varying the values of event shape weights we may select narrow or wide jet events, and thus vary the relative importance of long-and short-distance dynamics.
Infrared safe event shapes are those that are well-defined order by order in perturbation theory. For the mean values of such event shapes, or for values of the weight where higher order perturbative corrections are relatively small, nonperturbative effects enter as additive power corrections. The analysis of perturbation theory suggests that these are typically integer powers of 1/Q, with Q the overall center of mass (c.m.) energy [6, 7, 8, 9, 10] . The universality properties of power corrections, also inferred from perturbation theory, can be used to provide measurements of the strong coupling [11, 12] . As we approach the narrow jet limit, however, perturbative cross sections generically develop large logarithmic corrections.
When the weights of event shapes are symmetric in the phase space of final state particles, their large logarithmic corrections may be resummed in the limit of narrow jets, to next-to-leading logarithm (NLL) [13, 14, 15] and beyond [16] . For many such quantities, it is possible to factorize perturbative and nonperturbative corrections in a well-defined fashion [17] , and to study the latter phenomenologically. Familiar examples include the thrust, T [1] , jet broadening, B [3] , and the heavy jet mass, ρ H [4] . Short distance effects are treated in resummed perturbation theory and control the leading-power behavior in Q including logarithms [13, 14, 15, 16] . Long-distance effects still enter as power corrections, whose form may be inferred from perturbation theory in a manner analogous to power corrections to the mean values of event shapes [8, 9 ]. An example is 1 − T , with T the thrust in e + e − annihilation, for which the first power correction near T = 1 is 1/[(1 − T )Q]. This correction grows rapidly as T → 1, but it exponentiates [8, 9] . The effect is to shift the perturbative distribution [8, 9] , which allows additional determinations of the strong coupling in conjunction with nonperturbative parameters [12] . For small 1 − T , not only the first power correction, but all corrections of the form 1/[(1 − T )Q] n may be organized into shape functions [17, 18] in a manner that we will review below.
Considerable progress has been made in determining shape functions for the thrust, broadening and heavy jet mass [19, 20, 21, 22, 23] . It is clearly desirable, however, to widen the class of event shapes to allow systematic studies of the approach to nonperturbative dynamics in infrared safe observables.
In this paper, we attempt to pursue such an approach, using the class of event shapes introduced in [16] , which includes the thrust and jet broadening as special cases. As in [16] , we will restrict ourselves to event shapes that vanish in the two-jet limit for e + e − annihilation, but extensions to quantities that probe multi-jet structure are possible [24] , and we will discuss the differences briefly below.
We will follow Refs. [8, 9, 17] in deducing the form of power corrections from the resummed event shape weights at next-to-leading logarithm [16] in terms of shape functions. For the class of weights that we consider, we will identify an approximate scaling relation for their nonperturbative shape functions. We argue that this scaling reflects the boost invariance of the underlying soft dynamics. We will work for the most part directly in a transform space, where the resummation of large perturbative as well as power corrections is most transparent.
Because we know of no experimental data analysis for this class of observables, we compare the predictions of our scaling rule to the event generator PYTHIA [25] . As we shall see, PYTHIA reproduces the scaling over a range of parameters. We will briefly discuss the dynamical effects that are neglected in the derivation of our scaling law, and what we may conclude from the event generator results.
The following section reintroduces the event shapes of Ref. [16] , and in Section 3 we review their resummation, including their numerical evaluation in perturbation theory, following the methods of Refs. [13, 14] . We derive the scaling rule and describe its interpretation in terms of boost invariance in Section 4. In Section 5 we discuss its comparison with PYTHIA [25] for shifts in the distribution peaks and for moments of the shape functions. We close with a summary. A brief appendix gives some details on the evaluation of integrals for the resummed distributions.
The Class of Event Shapes
We consider final states N characterized by two nearly back-to-back jets,
at center of mass energy Q ≫ Λ QCD . For each such final state, a thrust axis is determined as the unit vectorn that maximizes the the thrust T [1]:
The class of event shapes τ a of Ref. [16] is defined in terms of this axis. Parameter a is adjustable, −∞ < a < 2, and allows us to study various event shapes within the same formalism. It helps to control the approach to the two-jet limit. The weight functions defined in Ref. [16] for a state N are
3)
in terms of particle energies ω i and the angles θ i of the particle momenta to the thrust axis. For the discussion below, we will find it more convenient to introduce a form directly in terms of particle momenta,
where p i T is the transverse momentum relative to the thrust axis, and η i is the corresponding pseudorapidity,
The case a = 0 in Eq. (2.4) is essentially 1−T , with T the thrust while a = 1 is the jet broadening. A similar weight function with a non-integer power has been discussed in a related context for 2 > a > 1 in [7] . The two forms for the weight functions, Eqs. (2.3) and (2.4) are equivalent for massless particles. We will use (2.4), in terms of momenta and pseudorapidities, in the analysis of nonperturbative corrections below. We will recall later the difference between the two forms of the event shapes when applied to massive hadrons [26] . Any choice a < 2 in (2.4) specifies an infrared safe event shape variable, because the contribution of any particle i to the event shape behaves as θ i 2−a in the collinear limit, θ i = cos −1 |n i ·n| → 0. However, the resummed formula given below from Ref. [16] is valid only for a < 1. For a ≥ 1 recoil effects have to be taken into account, at least beyond the level of leading logarithm [15] . As a → 2 the weight vanishes only very slowly for θ i → 0, and at fixed τ a , the jets become very narrow. On the other hand, the limit a → −∞ corresponds to the total cross section.
The differential cross section for such dijet events at fixed values of τ a is given by
where we sum over all final states N that contribute to the weighted event, and where M(N) denotes the corresponding amplitude for e + e − → N. Since we are investigating two-jet cross sections, we fix the constant τ a to be much less than unity:
For small τ a , the cross section (2.6) has corrections in ln(1/τ a ), which have been organized in Ref. [16] . In the following we will quote the result of the resummation of large logarithms of τ a in Laplace moment space. The Laplace transform of the cross section (2.6) is given bỹ
Logarithms of 1/τ a are transformed to logarithms of ν. For large ν, dependence on the upper limit in the τ a integral is exponentially suppressed. Here and below quantities with tildes are the transforms in τ a , and quantities without tildes denote untransformed functions. Our results below are valid in the region where ln ν is much larger than |a| [16] .
The Resummed Cross Section at NLL

The resummed cross section in moment space
The NLL resummed cross section (2.8) for a < 1 in moment space can be written as
where J (ν, Q, a) is a factorized function associated with each jet. The resummation is in terms of anomalous dimensions A(α s ) and B(α s ), which have finite expansions in the running coupling,
and similarly for B. To NLL they are specified by the well-known coefficients,
independent of a. C F and C A are the Casimir charges of the fundamental and adjoint representation of SU(N c ), respectively, N f denotes the number of flavors, and T F = 1/2 is the usual normalization of the generators of the fundamental representation. Eq. (3.1) reproduces the NLL resummed thrust cross section [13, 14] when a = 0.
Inversion of the transform
As it stands, the resummed cross section (3.1) is ambiguous, because of the singularity of the perturbative running coupling. To define the integrals in (3.1) and to invert the transformed cross section from moment space back to τ a , we will follow the method of Ref. [14] . In this approach, we avoid the singularities of the perturbative running coupling by reexpressing the running coupling in terms of the coupling at a hard scale, and by performing the resulting integrals in the exponents of Eq. (3.1) to NLL. Explicit expressions for the cross section, and hence the jet functions J , are given in Appendix A. The inversion is then also carried out to NLL. In the final expressions, the singularities of the running coupling are only manifested as singularities at small values of τ a . As in Ref. [14] , we work with the integrated cross section, also called the radiator,
The radiator can be found directly from the jet functions, J (ν, Q, a) in transform space by
The contour C lies in the complex plane to the right of all singularities of the integrand, and the first equality defines the radiator in transform space. The differential cross section (2.6) is easily obtained once we have an explicit form for the radiator,
To perform the integral in Eq. (3.7), we Taylor expand the resummed exponent with respect to ln ν around ln ν = ln(1/τ a ), because the functions g 1 and g 2 in J (see Appendix A) vary more slowly with ν than ντ a [14] . At NLL accuracy we can neglect all derivatives higher than first order in the Taylor series of the exponent. Performing the integral is then straightforward, using 1 2πi
In this way, we find
The functions g i , i = 1, 2, and g 
with β 0 the first coefficient of the QCD beta function. The explicit formulas in the appendix show that the g i (x, a) have logarithmic singularities at x = 1 and x = 1/(2 − a), which are the manifestations of the singularities of the perturbative running coupling for this NLL evaluation. Although well defined for most values of τ a , the resummed cross section remains ambiguous beyond NLL.
Numerical evaluation
A realistic evaluation of the resummed cross section requires matching to fixed-order calculations. For matching to NLL accuracy, it is necessary to know the fixed order contributions up to O(α 2 s ). These can be calculated numerically using, for example, the program EVENT2 [28] .
In the following we will use direct matching, that is, the differential cross section is computed as 12) where the first term on the right, dσ resum /dτ a , is the resummed cross section, Eq. (3.8), the second term, dσ exp, (2) resum /dτ a , is the resummed cross section expanded to order α 2 s , and dσ (2) fixed /dτ a is the fixed order cross section calculated with EVENT2 to order α Eq. (3.10) for the radiator and hence (3.8) for the cross sections, is applicable, with power and subleading logarithmic corrections for values of τ a away from the end-point region, where the variable x in Eq. (3.11) becomes of order unity. That is, we require [β 0 /(2π)]α s ln(1/τ a ) < 1, or equivalently τ a > Λ QCD /Q. For τ a ∼ Λ QCD /Q non-perturbative corrections become dominant. In this range of τ a , we "freeze" the perturbative contribution to the cross section, following [18, 19] ,
13) where R NLL is evaluated according to (3.7) and (3.12), and where κ is a nonperturbative cutoff. Dynamics below the scale κ will be incorporated into the nonperturbative corrections, in a manner we will discuss below. For our numerical studies we pick κ = 0.75 GeV, as in [18] .
The Scaling Rule
We are now ready to derive the scaling relation for nonperturbative shape functions. We show first how the rule is implied by the resummed cross section that we have just described, and go on to interpret the physical content of the scaling.
From resummations to shape functions
Following Ref. [17] , we identify the power structure of nonperturbative corrections by a direct expansion of the integrand in the resummed exponent at momentum scales below an infrared factorization scale, κ. Although this scale need not be exactly the same as the scale in Eq. (3.13) at which the radiator is frozen, they are closely related, and we will use the same symbol for both. We thus rewrite Eq. (3.1) as the sum of a perturbative term, summarizing all p T > κ, and a soft term, containing the nonperturbative physics of strong coupling. This corresponds to p T < κ in the term with anomalous dimension A, and uQ 2 < κ 2 in the term with B. Exchanging the order of integration for the A term, we find lnR(ν, Q, a) = lnR PT (ν, Q, κ, a)
In the second equality we have expanded the exponentials and integrated over u. In the last equality we have introduced the logarithm of the shape function, as an expansion in powers of ν/Q,
We neglect the terms (p T /Q) n(1−a) in Eq. (4.1) for the expansion with A, and the entire B expansion, as indicated. These terms are suppressed by additional (fractional) powers of Q only, of course, for a < 1. This is the same restriction to the NLL resummation formula, Eq. (3.1) that follows from considerations of recoil [16] . Given this approximation, we find the simple result that the only dependence on a is through an overall factor 1/(1 − a). Equation (4.2) immediately leads to the following scaling relation between shape functions for different values of a:
We can now use the shape function determined by the thrust (a = 0) to predict shape functions for any value of a < 1. Of course, for a > 0, the relative suppression of the neglected terms in Eq. (4.1) is by fractional powers, and we will apply our results only to a ≤ 0 below. It is worth noting that for 2 > a > 1, where the event shape weight vanishes very slowly in the collinear limit, the fractional powers in (4.1) dominate the integer powers, as observed in Ref. [7] . This, however, is outside the range of a to which our formalism applies at NLL [16] .
Interpretation of the scaling
The assumptions that entered our result (4.3) are relatively standard: that nonperturbative parameters may be identified with moments of the running coupling with respect to its scale, or more generally moments of the anomalous dimension A(α s ). Our analysis does not predict the values of the nonperturbative parameters λ n aside from their overall a-dependence, and is consistent with the absence of even power corrections, as argued in Refs. [21, 22, 23] . It is also based on the specific form of NLL resummation. Despite these limitations, we can identify the physical origin of the scaling. We have seen that the leading powers come entirely from the A(α s ) term in the exponent of the resummed NLL cross section. This contribution can be derived directly from the eikonal approximation, in which all soft gluons are emitted from light-like Wilson lines.
To be specific, we can define the eikonal cross section by 
, where (f ) labels the representation (quark or antiquark in our case) and where P indicates color ordering along the corresponding light-like direction β. In this notation, we define Diagrammatic rules for constructing the perturbative expansion of Eq. (4.4) may be found, for example, in Ref. [29] , and the exponentiation properties applicable to logarithmic corrections for eikonal event shapes in Refs. [30, 31] . Here we only need to stress that matrix elements computed from the product of back-to-back Wilson lines in Eq. (4.4) are boost invariant along the axis defined by β 1 and β 2 and are also invariant under the scaling of all final state momenta (p i → λp i ) up to renormalization effects. Frame dependence enters the eikonal event shape distributions only through fixing the shapes themselves, which distinguish between positive and negative rapidities (see Eq. (2.4)), and through ratios of the cutoff in the overall energy, Q, to the renormalization scale.
These features of the eikonal cross section are illustrated by the exponent of the resummed perturbative cross section in Eq. (3.1), which reflects single-particle kinematics in the exponent. Comparing the definition of the weight in Eq. (2.4) with the NLL resummation (3.1), we can change variables from u to pseudorapidity (2.5), by u = (p T /Q) exp(−|η|), du/u = −(|η|/η) dη. The boost and scale invariance of the single-particle emission cross section in eikonal approximation then become manifest.
In general, the interplay between the limits of integration and the transform links the rapidity and transverse momentum integrals in Eq. (3.1), to produce the nontrivial a-dependence of the functions g i in Eq. (3.10), given explicitly in the Appendix. When the transverse momentum is limited by the cutoff κ of Eq. (4.1), however, the dependence on the remaining limits of integration is simplified. To see this, we expand the exponential of the A term in the first equality of (4.1). For p T ≤ κ, with κ ≪ Q, we have 1/[n(1−a)] < ln(Q/p T ) for all n ≥ 1, and the η integral of the nth term in the expansion is cut off by the exponential exp[−n(1 − a)|η|]. Approximating this factor by unity when the exponent is smaller than one, and by zero elsewhere, each integral becomes a simple measure of the rapidity range over which the single-particle weight is negligible,
By comparing the right-hand side here to the the right-hand side of the second equality of Eq. (4.1), we see that corrections to (4.6) are precisely the power-suppressed terms that we have neglected for a < 1. The overall decrease with 1/(1 − a) thus reflects the shrinking rapidity range that is available in each term due to the exponential of the weight. The contribution to each power correction from the region of strong coupling is boost invariant, but the available rapidity range decreases uniformly in (1 − a) −1 . The observed scaling, then, is a reflection of the underlying boost invariance of the nonperturbative dynamics.
Alternatively, we may consider the scaling with (1 − a) −1 as a test of the use of NLL resummation to determine shape functions, and of the extent to which boost invariant dynamics dominates the differential distributions. We will return to this viewpoint at the end of the following section, after testing the scaling rule with the event generator PYTHIA.
Tests of Scaling
At present, we know of no data analysis that would provide experimental tests of our ability to predict nonperturbative contributions for the class of event shapes we are considering, aside from the thrust. In the absence of such an analysis, we will rely on the event generator PYTHIA [25] as a stand-in for experiment. In this section we will describe two tests of our scaling rule. These are, of course, tests of consistency with PYTHIA, not with nature. First we discuss our predictions for the shifts [8, 9] in the resummed perturbative distributions due to the first power correction (ν/Q), and then the full scaling associated with the summation of all powers in ν/Q.
For convenience, we evaluate the weight functions using Eq. (2.4), in terms of particle momenta, using the output of PYTHIA for the thrust axis, which is also computed in terms of particle three-momenta. The derivation of the scaling rule, Eqs. (4.1) -(4.3) does not distinguish between the weight functions expressed in terms of energy (2.3) and in terms of momentum (2.4), although with massive hadrons in the final state, the values of τ a can be different. We therefore expect the scaling to hold only if the weight functions are computed consistently in terms of energies or momenta.
Shifts of the distributions
Let us first study the shifts of the distributions. Retaining only the term with n = 1 in (4.1), and suppressing the dependence on κ, we obtain the cross section in momentum space from Eq. (3.7),
In this approximation the integrated cross section is shifted [8, 9] to the right from the perturbatively calculated spectrum by an amount
To the same approximation, this also holds for the differential cross section (3.8) for τ a not too small. Here we study the shifts of the peaks, ∆τ p [31] . From Eq. (4.3) we infer that the shifts of the peaks for different values of a multiplied by (1 − a) are the same when measured at the same scale Q:
Let us compare this prediction, valid at the partonic level, to the corresponding cross sections computed by PYTHIA [25] , version 6.215 [32] , at the hadronic level, using PYTHIA's implementation of the string fragmentation model [33] . We use the default settings of the program. The string picture seems to model the hadronization process successfully, as a comparison with recent data for the thrust shows (see e. g. [31] ). As noted above, for comparison with PYTHIA we use the definition of our event shapes in terms of three-momenta, (2.4), for both the partonic and the hadronic level. Other prescriptions are of course possible [26] .
We see from Fig. 1 that the shifts computed this way obey the scaling quite well in the range between a = 0 and a = −1. For larger values of |a|, the peaks of the cross sections move into regions where τ a ∼ Λ QCD /Q, and where our analysis is not reliable. (1-a) ∆τ p a Figure 1 : Shifts of the peaks ∆τ p (a, Q = 91 GeV) of the distributions (1/σ tot ) dσ/dτ a between NLL partonic resummed predictions and hadronic cross sections computed using PYTHIA with string fragmentation. The result is multiplied by (1 − a) . The error bars are estimated from the uncertainty of the NLL resummed calculation and the output of PYTHIA. The shaded band is the shift of the peak for the thrust determined in [12] between resummed predictions and experimental data.
Shape functions
Now let us turn to the full shape functions. We will test the scaling directly in moment space, where a parameterization in terms of the coefficients λ n of Eq. (4.2) is most straightforward. Using Eq. (4.1), we havẽ
This gives moment space expressions for the shape functions directly, given experimental or other input forR(ν, Q, a) in the numerator and resummed perturbation theory (in our case to NLL) forR PT (ν, Q, κ, a) in the denominator. As above, we use the output of PYTHIA for the numerator. For the denominator, we use the method described above in Sec. The perturbative radiator defined in Eq. (3.13), and thus the ratio in (5.5), as plotted in Figs. 2 and 3 , are fairly dependent on the value of the cutoff κ. This dependence compensates of course between perturbative and nonperturbative contributions to the full radiator (4.1).
As in the case of the shifts, we see that within the range of parameter a considered, the scaling works well. It is worth pointing out that a similar scaling fails by a relatively large amount for the perturbative cross section itself. We have restricted ourselves to a minimum value of a = −0.5 to keep an acceptable numerical accuracy.
We note that the logarithms of the curves in both figures depend fairly linearly on ν for relatively small ν, indicating that in this range the linear, ν/Q term dominates. This is consistent with the result above for the shifts, which is based only on the ν/Q correction. To fit the curves at larger ν, however, higher powers in ν/Q are necessary. While we have not attempted a fit of the a = 0 case (thrust) at different energies our reasoning is consistent with any determination of the coefficients λ n (κ) in Eq. (4.2) [19, 21, 22] .
We emphasize that the agreement of our scaling rule with PYTHIA may only mean that the output of PYTHIA shares some of the properties that go into the derivation of the rule. 
Scaling violations
In the light of the relation between the scaling rule and boost invariance, Sec. 4.2, we can understand why PYTHIA respects the rule over a moderate range of parameter a. It is natural to think of jet fragmentation as dynamically boost-invariant along the jet axis, while boost invariance need not be respected for coherent interjet radiation, which depends on the relative directions of the jets. For moderate values of a, the shape functions may follow the scaling in our numerical tests because in PYTHIA the corresponding event weights are dominated by particles created from boost-invariant dynamics, for which correlations between the jet hemispheres are negligible. Beyond NLL, however, the general resummation for the two-jet event shapes of Eq. (2.4) involves coherent interjet radiation [16] , which we expect to produce correlations between the jet hemispheres. The neglect of such correlations is related to the "inclusive" approximation discussed in Ref. [21] , in which the effect on the weight function from off-shell gluons that split into particles that move into different hemispheres is suppressed.
More generally, suppose that the correlation between energy flow is enhanced relative to NLL perturbation theory for "short-range" rapidity intervals, less than some constant ∆η 0 . Then, because of correlations between radiation in different hemispheres, the scaling implied by Eq. ∆η 0 . For any ∆η 0 , this condition is violated for n large enough. Thus, as (1 − a) increases, the scaling is violated, first by high powers of ν/Q, and eventually by lower powers. Only to the extent that enhanced short-range correlations are fully negligible can we expect that the scaling holds for the full shape function. Pushing our analysis to larger values of (1−a) should eventually uncover correlations between hemispheres, even in PYTHIA, perhaps associated with the string breaking picture of hadronization. In general, we would expect physical moments to decrease less rapidly than (1 − a) −1 in the presence of positive correlations between radiation in different hemispheres [20] .
The extension of our analysis to multijet events [24] should be relatively straightforward. In this case, as in the two-jet limit of e + e − annihilation, it is necessary to determine each jet axis by a thrust-like condition, which is relatively insensitive to recoil effects [15, 16] , to insure resummation at NLL. Such cross sections still factorize perturbatively, but now into a function involving coherent interjet radiation as well as jet functions, even at NLL. The jet functions, but not the soft function, should obey a scaling relation like Eq. (4.3). Tests of this scaling for multijet shape functions could be useful in estimating the significance of coherence effects for interjet radiation.
Conclusions
We have derived a scaling property that relates nonperturbative shape functions within the class of event shapes, including the thrust, introduced in [16] . We have seen that the resulting predictions match the output of the event generator PYTHIA over a range of the relevant parameter that defines the event shape. This analysis is based on a NLL resummed perturbative cross section. The comparison of these predictions to actual data should shed light on universality properties of nonperturbative corrections, and their relationship to determinations of α s . We hope that this comparison is still possible for archived data from LEP.
We have argued that the scaling rule derived from the NLL cross section is more generally a test of the boost invariance of strong coupling dynamics. In general, this boost invariance must fail at some level due to correlations between hemispheres [20, 34] . We might expect such effects to become more important for a ≪ −1, since the corresponding weight functions are sensitive primarily to radiation near the boundary between the hemispheres. In any case, we hope that the example studied above shows that event shapes can be designed to probe specific aspects of nonperturbative QCD dynamics.
The term with β 1 is only necessary for the integral containing A (1) at NLL. Inserting the expansion of (A.1) into Eq. In Eq. (A.5) the scale µ should be chosen of the order of the hard scale to avoid further large logarithms, and we choose µ = Q. Setting µ = Q as in [14] cancels the term proportional to ln 2 in Eq. (A.7), and we reproduce for a = 0 the form of [14] .
